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Abstract
We show that an infinite residually finite boundedly generated
group has an infinite chain of finite index subgroups with ranks uni-
formly bounded, and give (sublinear) upper bounds on the ranks of
arbitrary finite index subgroups of boundedly generated groups (ex-
amples which come close to achieving these bounds are presented).
This proves a strong form of a conjecture of Abert, Jaikin-Zapirain,
and Nikolov which asserts that the rank gradient of infinite boundedly
generated residually finite groups is 0. Furthermore, our first result
establishes a variant of a conjecture of Lubotzky on the ranks of fi-
nite index subgroups of special linear groups over the integers, and is
analogous to a result of Pyber and Segal for solvable groups.
1 Introduction
Given a positive integer m, we say that a group G is m-boundedly
generated if there exist g1, . . . , gm ∈ G such that the following equal-
ity of sets holds:
G = 〈g1〉 · · · 〈gm〉. (1.1)
A group G is said to be boundedly generated if it is m-boundedly
generated for some positive integer m. The prototype of a boundedly
generated group is SL3(Z) (see [8, Section 4.1] for a proof), and more
generally, for any integer n ≥ 3 and a number field K, the group
SLn(OK) is known to be boundedly generated (see [5], [9], [10], [11], and
[47]). On the other hand, it is well known that SL2(Z) is not boundedly
generated (see en.wikipedia.org/wiki/Boundedly_generated_group
for various proofs) and our work is a generalization of this fact. Still,
SL2(A) is boundedly generated for certain rings of integers A (e.g. for
those having infinitely many units), and bounded generation is a fea-
ture of many other arithmetic groups (see [7], [12], [14], [15], [19], [26],
[31], [42], [45], [46], and [48]). Bounded generation of arithmetic groups
has been studied with relation to the congruence subgroup property
(see [28], [36], and [38]), and in connection with Kazhdan’s property
(T) (see [8, Section 4], and [40]). The notion of bounded generation is
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also of independent interest as can be seen from [3], [30], [33], [37], and
[43].
Our first result is:
Theorem 1.1. Let m be a positive integer, let G be an m-boundedly
generated group, and let L ≤ G be a finite index subgroup. Then there
exists a finite index subgroup U ≤ L which can be generated by m
elements.
The theorem asserts that the finite index subgroups of rank (small-
est cardinality of a generating set) at most m are abundant - they form
a basis for the open neighborhoods of 1 with respect to the profinite
topology on G (the coarsest topology for which any homomorphism to
a finite group is continuous).
Another source of examples of boundedly generated groups is the
family of finitely generated solvable groups of finite subgroup rank (i.e.
those for which there exists a finite bound on the ranks of all finitely
generated subgroups - see [37]). A converse is proved by Pyber and
Segal (see [37, Corollary 1.5]): A residually finite (i.e. a group which is
Hausdorff with respect to its profinite topology) boundedly generated
solvable group has finite subgroup rank. Theorem 1.1 can be viewed
as an analogue of their result for groups which are not necessarily
solvable. We note that a conclusion as strong as the one in the result of
Pyber and Segal (a uniform bound on the ranks of all finitely generated
subgroups) is not achievable in the nonsolvable case, as can be seen
from the example given in 4.
In [27, Section 4, Problem 1] Lubotzky conjectured that for any
integer n ≥ 3 and every finite index subgroup L ≤ SLn(Z), there exists
a finite index subgroup U ≤ L of rank 2. It has been shown in [25] that
SL3(Z) contains an infinite descending chain of finite index subgroups
of rank 2. Moreover, [41] establishes the conjecture for a larger class
of groups than SLn(Z) while allowing a rank bound greater than 2
(namely, 3). Similarly, Theorem 1.1 considers a larger family of groups
(m-boundedly generated) and replaces 2 by the constant m. Another
feature of Theorem 1.1 is that it gives a bound on the index [G : U ]
(see Lemma 3.1).
Recall that the rank gradient of a finitely generated group G is
defined to be:
inf
H
rank(H)− 1
[G : H ]
(1.2)
where H runs over all subgroups of finite index in G. This notion
has been introduced by Lackenby in his study of manifolds (see [24])
and became a subject of active research (see [1], [2], [4], [6], [13], [17],
[18], [20], [23], [34], [35], and [39]). It is interesting to know for which
groups the rank gradient is positive. Some examples are free non-
abelian groups, SL2(Z), surface groups, free products (see [24, Propo-
sition 3.2]), and certain torsion groups (see [34], and [39]). Nonex-
amples include finite groups, abelian groups, residually finite solvable
groups, residually finite amenable groups (see [2]), residually finite as-
cending HNN extensions (see [24]), automorphism groups of free non-
abelian groups (see [20]), and many arithmetic groups (e.g. PSL2(Z[i]),
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PSL2(Z[e
2πi
3 ]) - see [4, Examples A,B], and also higher rank nonuni-
form arithmetic groups such as SL3(Z) - see [41]). These examples led
Abert, Jaikin-Zapirain, and Nikolov to conjecture that the rank gradi-
ent of infinite residually finite boundedly generated groups is zero (see
[2]). In this direction, they use Luck’s approximation theorem to prove
a weaker result under the additional assumption of the existence of
a finite presentation (see [2, Proposition 11]). Theorem 1.1 establishes
this conjecture in a strong form: the theorem can be applied inductively
to construct subgroups of growing finite index and bounded rank. It
follows at once (see (1.2)) that the rank gradient vanishes.
Our next result confirms an even stronger form of the aforemen-
tioned conjecture.
Theorem 1.2. Let m be a positive integer, let G be an m-boundedly
generated group, and let L ≤ G be a subgroup of finite index n. Then
rank(L) ≤ 2m2
√
n log(n) +m. (1.3)
If in addition L⊳G, then
rank(L) ≤ m log2(n) +m. (1.4)
That is, the rank of subgroups grows sublinearly with the index
(the rate of growth of the rank as a function of the index has been
studied for other groups in [6] and [18]). This implies that the rank
gradient of any chain (see [2] or [4] for the precise definition) in a
boundedly generated group is zero. In particular, the rank gradient for
boundedly generated groups is independent of the choice of a Farber
chain (see [4] for definitions). This independence is suspected to hold
for all countable groups, and is an important special case of the fixed
price problem (see [4],[16], and [21]). Note that fixed price has already
been established for some infinite boundedly generated groups such as
SL2(A) for rings of integers A with |A
∗| infinite (see [21]).
The bounds given in Theorem 1.2 are new even for arithmetic
boundedly generated groups. In 4 we give an example which comes
close to achieving the bound given in (1.4).
2 Preliminaries
Let us recall some definitions and facts needed in the sequel. The ma-
terial presented in this section is quite standard and straightforward.
Let G be a group, and let g, x ∈ G. We set gx ··= x−1gx and note
that this defines a right action of G on itself by automorphisms. For a
subset S ⊆ G we similarly put Sx ··= x−1Sx. For example, we have
〈g〉x = x−1〈g〉x = 〈x−1gx〉 = 〈gx〉. (2.1)
We define the rank of a group G to be the smallest cardinality of a
generating set of G, and abbreviate our notation by d(G) ··= rank(G).
For a group epimorphism π : G→ H we clearly have
d(H) ≤ d(G). (2.2)
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Proposition 2.1. Let L be a group, and let U ≤ L be a finite index
subgroup. Then d(L) ≤ d(U) + log2([L : U ]).
Proof. We induct on [L : U ], observing that for the base case (when
the index is 1) we have equality.
Assume thus that U  L and letM be a maximal proper subgroup
of L containing U . Take some x ∈ L \M and set
K ··= 〈M ∪ {x}〉. (2.3)
We have M  K ≤ L, so the maximality of M implies that K = L.
We infer that
d(L) = d(K)
(2.3)
≤ d(M) + 1 (2.4)
and induction tells us that
d(M) ≤ d(U) + log2([M : U ]). (2.5)
Since [L :M ] ≥ 2 it follows that
d(L)
(2.4)
≤ d(M) + 1
2.5
≤ d(U) + log2([M : U ]) + 1
≤ d(U) + log2([M : U ]) + log2([L :M ])
= d(U) + log2([L :M ][M : U ]) = d(U) + log2([L : U ]).
(2.6)
For a group G, and a subgroup L ≤ G we take
exp(G,L) (2.7)
to be the least positive integer n such that an ∈ L for each a ∈ G. If
such an integer does not exist, we set exp(G,L) ··=∞. If we take N to
be the intersection of all the conjugates of L in G, then N ⊳G and the
exponent of the group G/N equals exp(G,L). Let us now show that
exp(G,L) is finite in case that [G : L] is.
Proposition 2.2. Let G be a group, let a ∈ G, and let L ≤ G be a
subgroup of finite index n. Then there is some integer 1 ≤ r ≤ n such
that ar ∈ L.
Proof. Define f : {0, 1, . . . , n} → G/L by f(i) = aiL. Since the cardi-
nality of the domain of f is larger than that of its codomain, f is not
injective. That is, there exist 0 ≤ i < j ≤ n such that ajL = aiL,
which means that aj−i ∈ L. We can thus take r ··= j − i.
Corollary 2.3. Let G be a group, and let L ≤ G be a subgroup of
finite index n. Then exp(G,L) ≤ lcm(1, . . . , n). If in addition L ⊳ G,
then exp(G,L) ≤ n.
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Proof. Let a ∈ G. By Proposition 2.2, there exists an 1 ≤ r ≤ n with
ar ∈ L. Since r | lcm(1, . . . , n) it follows that alcm(1,...,n) ∈ L. If L⊳G,
then exp(G,L) is just the exponent of G/L which is at most |G/L| = n.
In order to estimate the rate of growth of lcm(1, . . . , n) as a function
of n, we set k ··= ⌊
n−1
2 ⌋ and note that
lcm(1, . . . , n)
∫ 1
0
(x(1 − x))k ≤ lcm(1, . . . , n)
∫ 1
0
4−k =
lcm(1, . . . , n)
4k
where the left hand side is a positive integer since the integral of a
polynomial with integer coefficients and degree at most n− 1 is a sum
of fractions with denominators not exceeding n. It follows that the right
hand side is at least 1 so lcm(1, . . . , n) ≥ 4k ≥ 4
n−3
2 = 182
n showing
us that the first bound in Corollary 2.3 is at least exponential in n. In
case that the group is boundedly generated, a better bound exists. For
that, recall that Landau’s function g(n) associates to each n ∈ N the
largest integer which is an order of an element in Sn. Alternatively,
g(n) ··= max {|〈σ〉| : σ ∈ Sn}. (2.8)
Proposition 2.4. Let m be a positive integer, let G be an m-boundedly
generated group, and let L ≤ G be a subgroup of finite index n. Then
exp(G,L) ≤ g(n)m. (2.9)
Proof. Let x ∈ G. By (1.1) there exist g1, . . . , gm ∈ G such that
G = 〈g1〉 · · · 〈gm〉. (2.10)
The action of G on G/L induces a homomorphism ϕ : G→ Sn. Set
H ··= ϕ(G), hi ··= ϕ(gi) (1 ≤ i ≤ m) (2.11)
so that
H
2.11
= ϕ(G)
2.10
= 〈ϕ(g1)〉 · · · 〈ϕ(gm)〉
2.11
= 〈h1〉 · · · 〈hm〉. (2.12)
Since h1, . . . , hm ∈ Sn, it follows that
|H |
2.12
= |〈h1〉 · · · 〈hm〉| ≤ |〈h1〉| · · · |〈hm〉|
2.8
≤ g(n)m. (2.13)
As ϕ(x) ∈ H , it follows that ϕ(x|H|) = ϕ(x)|H| = 1 so x|H| ∈ Ker(ϕ)
and thus x|H| ∈ L. By (2.13), exp(G,L) ≤ |H | ≤ g(n)m.
In order to see that our new bound (2.9) in Proposition 2.4 is indeed
better than the previous exponential bound from Corollary 2.3, we
recall that (see [29])
log(g(n)) ≤ 1.05314
√
n log(n) (2.14)
which implies that g(n) grows subexponentially.
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3 Main lemma
Before passing to our main lemma (Lemma 3.1), let us discuss two
ingredients form its proof.
The first one is just the use of several identities which hold in every
group (see (3.8)). A similar equality is used in some proofs of the fact
that a finite index subgroup of a boundedly generated group is itself
boundedly generated (see [33, Lemma 2.1 (i)] and especially equation
2.2 therein which shortly states an assertion similar to (3.9), or [45]).
The second ingredient is a beautiful lemma of Bernhard Hermann
Neumann (see [32, Lemma 4.1]) stating that if a group is covered by
finitely many cosets of subgroups, then the index of at least one of these
subgroups does not exceed the number of cosets in the covering. This
lemma has already been used with connection to bounded generation
(see [33, Theorem 2.2, Lemma 3.2]).
We are now ready for the main lemma which gives Theorem 1.1.
Given a positive integer n, we use [n] as a shorthand for {0, 1, . . . , n−1}.
Lemma 3.1. Let m be a positive integer, let G be an m-boundedly gen-
erated group, and let L ≤ G be a finite index subgroup. Then there exists
a subgroup U ≤ L such that d(U) ≤ m, and [G : U ] ≤ exp(G,L)m.
Proof. By (1.1), there exist g1, . . . , gm ∈ G such that
G = 〈g1〉 · · · 〈gm〉. (3.1)
Set n ··= exp(G,L) (which is finite by Corollary 2.3), and note that for
each g ∈ G we have
〈g〉 =
⋃
k∈[n]
gk〈gn〉 (3.2)
and thus
G
3.1
=
m∏
i=1
〈gi〉
3.2
=
m∏
i=1
⋃
ki∈[n]
gkii 〈g
n
i 〉 =
⋃
~k∈[n]m
m∏
i=1
gkii 〈g
n
i 〉. (3.3)
For 1 ≤ r ≤ m, 1 ≤ ℓ ≤ m+ 1, and ~k ∈ [n]m set
P
~k
ℓ,r
··=
r∏
s=ℓ
gkss ∈ G (3.4)
and observe that for 1 ≤ r ≤ m we have
P
~k
r+1,r
3.4
= 1 (3.5)
while for 1 ≤ r ≤ m− 1, 1 ≤ ℓ ≤ r + 1 we have
P
~k
ℓ,rg
kr+1
r+1
3.4
= P
~k
ℓ,r+1. (3.6)
For 1 ≤ r ≤ m and ~k ∈ [n]m define the following subsets of G:
S
~k
r
··= P
~k
1,r
[
r∏
ℓ=1
〈(g
P
~k
ℓ+1,r
ℓ )
n〉
][
m∏
t=r+1
gktt 〈g
n
t 〉
]
⊆ G. (3.7)
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We show now that for 1 ≤ r ≤ m− 1 we have S
~k
r = S
~k
r+1:
S
~k
r
3.7
= P
~k
1,r
[
r∏
ℓ=1
〈(g
P
~k
ℓ+1,r
ℓ )
n〉
][
m∏
t=r+1
gktt 〈g
n
t 〉
]
= P
~k
1,rg
kr+1
r+1 g
−kr+1
r+1
[
r∏
ℓ=1
〈(g
P
~k
ℓ+1,r
ℓ )
n〉
]
g
kr+1
r+1 〈g
n
r+1〉
[
m∏
t=r+2
gktt 〈g
n
t 〉
]
3.6
=
3.5
P
~k
1,r+1
[
r∏
ℓ=1
〈(g
P
~k
ℓ+1,r
ℓ )
n〉
]gkr+1r+1
〈(g
P
~k
r+2,r+1
r+1 )
n〉
[
m∏
t=r+2
gktt 〈g
n
t 〉
]
2.1
= P
~k
1,r+1
[
r∏
ℓ=1
〈(g
P
~k
ℓ+1,rg
kr+1
r+1
ℓ )
n〉
]
〈(g
P
~k
r+2,r+1
r+1 )
n〉
[
m∏
t=r+2
gktt 〈g
n
t 〉
]
3.6
= P
~k
1,r+1
[
r∏
ℓ=1
〈(g
P
~k
ℓ+1,r+1
ℓ )
n〉
]
〈(g
P
~k
r+2,r+1
r+1 )
n〉
[
m∏
t=r+2
gktt 〈g
n
t 〉
]
= P
~k
1,r+1
[
r+1∏
ℓ=1
〈(g
P
~k
ℓ+1,r+1
ℓ )
n〉
][
m∏
t=r+2
gktt 〈g
n
t 〉
]
3.7
= S
~k
r+1.
(3.8)
It follows that S
~k
r is independent of r, so in particular, S
~k
1 = S
~k
m. This
equality, and 3.7 tell us that
m∏
i=1
gkii 〈g
n
i 〉 = P
~k
1,m
[
m∏
ℓ=1
〈(g
P
~k
ℓ+1,m
ℓ )
n〉
]
. (3.9)
Taking the union in 3.9 over all values of ~k ∈ [n]m we get:
G
3.3
=
⋃
~k∈[n]m
m∏
i=1
gkii 〈g
n
i 〉
3.9
=
⋃
~k∈[n]m
P
~k
1,m
[
m∏
ℓ=1
〈(g
P
~k
ℓ+1,m
ℓ )
n〉
]
⊆
⋃
~k∈[n]m
P
~k
1,m
〈
(g
P
~k
ℓ+1,m
ℓ )
n
〉m
ℓ=1
(3.10)
so G is covered by finitely many cosets of subgroups. By [32, Lemma
4.1], the index in G of one of these subgroups, say U , is at most the
number of cosets in the covering which is |[n]m| = nm. By (2.7), the
n-th power of an element in G must belong to L, so all generators of
U are in L. It follows that U ≤ L, and visibly d(U) ≤ m.
Let us now deduce Theorem 1.2.
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Corollary 3.2. Let m be a positive integer, let G be an m-boundedly
generated group, and let L ≤ G be a subgroup of finite index n. Then
d(L) ≤ 2m2
√
n log(n) +m. (3.11)
If in addition L⊳G, then d(L) ≤ m log2(n) +m.
Proof. By Lemma 3.1, there exists a subgroup U ≤ L of rank at most
m and
[L : U ] ≤ [G : U ]
3.1
≤ exp(G,L)m
2.4
≤ (g(n)m)m = g(n)m
2
. (3.12)
Therefore,
d(L)
2.1
≤ d(U) + log2([L : U ]) ≤ m+ log2([L : U ])
3.12
≤ m+ log2(g(n)
m2) = m+m2 log2(g(n))
= m+m2 log(g(n)) log2(e)
2.14
≤ m+m2 · 1.1 ·
√
n log(n) · 1.5
≤ 2m2
√
n log(n) +m.
(3.13)
If L⊳G then
[L : U ]
3.12
≤ exp(G,L)m
2.3
≤ nm (3.14)
so
d(L)
2.1
≤ d(U) + log2([L : U ]) ≤ m+ log2([L : U ])
3.14
≤ m+ log2(n
m) ≤ m log2(n) +m.
(3.15)
4 Lower bound
We show that G ··= SL4(Z) comes asymptotically close to achieving the
bound (1.4) from Theorem 1.2. As we are about to see, a choice of a
different arithmetic group could have been made as well. Our example
is an elaboration of the nonexistence example given in [44].
Let r be a positive integer, and let p1, . . . , pr be the first r odd
primes. For 1 ≤ i ≤ r let Ti ⊳ SL4(Fpi) be the subgroup containing
only ±I4. Set
Hr ··=
r∏
i=1
SL4(Fpi) Zr ··=
r∏
i=1
Ti ⊳Hr (4.1)
and recall that by the strong approximation property (see [22]), the
natural projection πr : G→ Hr is a surjection. Put Lr ··= π
−1
r (Zr) and
note that
d(Lr)
2.2
≥ d(Zr)
4.1
= d((Z/2Z)r) = r. (4.2)
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Furthermore,
[G : Lr]
4.1
= [Hr : Zr] ≤ |Hr|
4.1
≤
r∏
i=1
|SL4(Fpi)| ≤
r∏
i=1
p4
2
i
=
[
r∏
i=1
pi
]16
≤
(
(r + 1)2r+2
)16
≤ (2r)48r.
(4.3)
On the other hand,
[G : Lr]
4.1
= [Hr : Zr] =
|Hr|
|Zr|
4.1
= 2−r
r∏
i=1
|SL4(Fpi)| ≥ 2
−r
r∏
i=1
pi
≥ r
r
2 .
(4.4)
Note that in both (4.3), and (4.4) we have used the bound (valid for
large values of r) on primorials which appears in en.wikipedia.org/wiki/Primorial.
We thus have
log([G : Lr])
log log([G : Lr])
4.3
≤
4.4
48r log(2r)
log( r2 ) + log log(r)
≤
48r log(2r)
log(2r)
= 48r. (4.5)
Setting nr = [G : Lr], we see that
d(Lr)
4.2
≥ r =
1
48
48r
4.5
≥
log(nr)
48 log log(nr)
(4.6)
giving us an asymptotic growth of the rank as a function of the index
which is only slightly slower than the upper bound (1.4).
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